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h?2Q`2K U6`2m/2Mi?�H ambT2MbBQM h?2Q`2KV
h?2 bmbT2MbBQM K�T

πB(aM) → πB+1(aM+1)

Bb �M BbQKQ`T?BbK 7Q` B < 2M − 1 �M/ � bm`D2+iBQM 7Q` B = 2M − 1X

6`2m/2Mi?�H ambT2MbBQM h?2Q`2K ?QH/b bBKBH�`Hv `2TH�+BM; aM #v
;2M2`�H (M − 1)@+QMM2+i2/ bT�+2X
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πM(aM) ≃ Z 7Q` M ≥ 1X

S`QQ7X
6`2m/2Mi?�H ambT2MbBQM h?2Q`2K `2/m+2b iQ b?Qr π2(a2) ≃ ZX
h?Bb 7QHHQrb 7`QK i?2 >QT7 }#`�iBQM

a1 → a3 → a2.
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.2}MBiBQM
�M 1BH2M#2`;@J�+G�M2 aT�+2 Q7 ivT2 (:, M) Bb � *q +QKTH2t s
bm+? i?�i

πM(s) ≃ : �M/ πF(s) = 0 7Q` F ̸= M.

>2`2 : Bb �#2HB�M B7 M > 1X
�b r2 rBHH b?Qr M2ti- 1BH2M#2`;@J�+G�M2 aT�+2 Q7 �Mv ivT2 (:, M)
2tBbib �M/ Bb mMB[m2 mT iQ ?QKQiQTvX Ai rBHH #2 /2MQi2/ #v E(:, M)X
h?2 BKTQ`i�M+2 Q7 E(:, M) Bb i?�i Bi Bb i?2 `2T`2b2MiBM; bT�+2 7Q`
+Q?QKQHQ;v 7mM+iQ` rBi? +Q2{+B2Mib BM :

>M(s;:) ≃ [s,E(:, M)] 7Q` �Mv *q +QKTH2t s.
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h?2Q`2K
1BH2M#2`;@J�+G�M2 aT�+2b 2tBbiX

S`QQ7, q2 T`Qp2 i?2 +�b2 7Q` M ≥ 2X h?2`2 2tBbib �M 2t�+i
b2[m2M+2

0 → 61 → 62 → : → 0

r?2`2 61,62 �`2 7`22 �#2HB�M ;`QmTbX G2i "B #2 � #�bBb Q7 6BX G2i

� =
∨

B∈"1

aM, " =
∨

D∈"2

aM.

�," �`2 (M − 1)@+QMM2+i2/ �M/ πM(�) = 61,πM(") = 62X
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lbBM; i?2 /2;`22 K�T- r2 +�M +QMbi`m+i

7 : � → "

bm+? i?�i πM(�) → πM(") `2�HBx2b i?2 K�T 61 → 62X G2i s #2
Q#i�BM2/ 7`QK " #v �ii�+?BM; (M + 1)@+2HHb pB� 7X h?2M s Bb
(M − 1)@+QMM2+i2/ �M/ πM(s) = :X
LQr r2 T`Q+22/ �b BM i?2 T`QQ7 Q7 *q �TT`QtBK�iBQM h?2Q`2K iQ
�ii�+? +2HHb Q7 /BK2MbBQM ≥ (M + 2) iQ FBHH �HH ?B;?2` ?QKQiQTv
;`QmTb Q7 s iQ ;2i E(:, M)X
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G2i s #2 �M (M − 1)@+QMM2+i2/ *q +QKTH2tX G2i u #2 �M
1BH2M#2`;@J�+G�M2 aT�+2 Q7 ivT2 (:, M)X h?2M i?2 K�T

φ : [s,u] → >QK(πM(s),πM(u)), 7 → 7∗

Bb � #BD2+iBQMX AM T�`iB+mH�`- �Mv irQ 1BH2M#2`;@J�+G�M2 aT�+2b Q7
ivT2 (:, M) �`2 ?QKQiQTv 2[mBp�H2MiX
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S`QQ7

G2i mb }`bi /Q irQ bBKTHB}+�iBQMbX
6B`bi- r2 +�M }M/ � *q +QKTH2t w �M/ � r2�F ?QKQiQTv
2[mBp�H2M+2 ; : w → s bm+? i?�i i?2 M@bF2H2iQM Q7 w Bb

wM =
∨

D∈C
aM.

"v q?Bi2?2�/ h?2Q`2K- ; Bb �HbQ � ?QKQiQTv 2[mBp�H2M+2X aQ r2
+�M �bbmK2 i?2 M@bF2H2iQM Q7 s Bb

sM =
∨

D∈C
aM.
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a2+QM/Hv- H2i sM+1 #2 i?2 (M + 1)@bF2H2iQM Q7 sX h?2M

πM(s) = πM(sM+1).

G2i 7 : s → uX aBM+2 s Bb Q#i�BM2/ 7`QK sM+1 #v �ii�+?BM; +2HHb Q7
/BK2MbBQM ≥ M + 2 �M/ πF(u) = 0 7Q` �HH F > M- �Mv K�T
sM+1 → u +�M #2 2ti2M/2/ iQ s → uX aQ i?2 M�im`�H K�T

[s,u] → [sM+1,u]

Bb � bm`D2+iBQMX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

LQr �bbmK2 7 : s → u bm+? i?�i Bib `2bi`B+iBQM iQ sM+1 Bb
MmHH@?QKQiQTB+X aBM+2 sM+1 ⊂ s Bb � +Q}#`�iBQM- 7 Bb ?QKQiQTB+ iQ
� K�T r?B+? b?`BMFb i?2 r?QH2 sM+1 iQ � TQBMiX aBM+2 πF(u) = 0
7Q` �HH F > M- 7 Bb 7m`i?2` MmHH@?QKQiQTB+X h?Bb BKTHB2b i?�i

[s,u] → [sM+1,u]

Bb � #BD2+iBQMX
aQ r2 +�M �HbQ �bbmK2 s = sM+1 ?�b /BK2MbBQM �i KQbi M + 1X
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�bbmK2 s Bb Q#i�BM2/ 7`QK sM #v �ii�+?BM; (M + 1)@+2HHb pB�

χ :
∨

B∈A
aM →

∨

D∈C
aM.

q2 MQr T`Q+22/ iQ b?Qr

φ : [s,u] → >QK(πM(s),πM(u)), 7 → 7∗

Bb � #BD2+iBQMX
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AMD2+iBpBiv Q7 φX �bbmK2 7 : s → u bm+? i?�i φ(7) = 0X h?2M i?2
`2bi`B+iBQM Q7 7 iQ

sM =
∨

D∈C
aM → u

Bb MmHH@?QKQiQTB+X aBM+2 sM ↪→ s Bb � +Q}#`�iBQM- 7 Bb ?QKQiQTB+ iQ
� K�T r?B+? b?`BMFb sM iQ � TQBMi- bQ +�M #2 pB2r2/ �b � K�T

∨

B∈A
aM+1 → u.

aBM+2 πM+1(u) = 0- i?Bb K�T Bb �HbQ MmHH@?QKQiQTB+X aQ [7] = 0X
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am`D2+iBpBiv Q7 φX G2i ; : πM(s) → πM(u) #2 � ;`QmT
?QKQKQ`T?BbKX aBM+2

D : πM(sM) → πM(s)

Bb bm`D2+iBp2 �M/ πM(sM) Bb 7`22- r2 +�M }M/ � K�T

7M : sM → u

bm+? i?�i 7M∗ : πM(sM) → πM(u) +QBM+B/2b rBi? ; ◦ DX "v
+QMbi`m+iBQM- 7M ◦ χ Bb MmHH@?QKQiQTB+- bQ r2 +�M 2ti2M/ 7M iQ �
K�T 7 : s → u r?B+? ;Bp2b i?2 `2[mB`2/ ;`QmT ?QKQKQ`T?BbKX
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LQr �bbmK2 r2 ?�p2 irQ 1BH2M#2`;@J�+G�M2 aT�+2b u1,u2 Q7
ivT2 (:, M)X q2 ?�p2 i?2 B/2MiB}+�iBQM

[u1,u2] = >QK(πM(u1),πM(u2)).

h?2M � ;`QmT BbQKQ`T?BbK πM(u1) → πM(u2) ;Bp2b � ?QKQiQTv
2[mBp�H2M+2 u1 → u2X
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_2K�`F
� +H�bbB+�H `2bmHi Q7 JBHMQ` b�vb i?2 HQQT bT�+2 Q7 � *q +QKTH2t Bb
?QKQiQTv 2[mBp�H2Mi iQ � *q +QKTH2tX aBM+2 7Q` �Mv s- r2 ?�p2
πF(Ωs) = πF+1(s)X h?2`27Q`2

ΩE(:, M) ≃ E(:, M − 1).
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1t�KTH2
a1 = E(Z, 1) �M/ ∨K

B=1 a1 = E(wK, 1)X
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1t�KTH2
q2 ?�p2 M�im`�H 2K#2//BM;b

CP0 ⊂ CP1 ⊂ · · ·CPM−1 ⊂ CPM ⊂ · · · ⊂ CP∞

�M/
a1 ⊂ a3 ⊂ · · · a2M−1 ⊂ a2M+1 ⊂ · · · ⊂ a∞.

h?Bb ;Bp2b `Bb2 iQ i?2 }#`�iBQM

a1 → a∞ → CP∞.

h?Bb b?Qrb
CP∞ = E(Z, 2).



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
� FMQi Bb �M 2K#2//BM; E : a1 ↪→ a3X G2i : = π1(a3 − E)X h?2M

a3 − E = E(:, 1).
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SQbiMBFQp iQr2` 7Q` � bT�+2 Bb � /2+QKTQbBiBQM /m�H iQ � +2HH
/2+QKTQbBiBQMX AM i?2 SQbiMBFQp iQr2` /2b+`BTiBQM Q7 � bT�+2- i?2
#mBH/BM; #HQ+Fb Q7 i?2 bT�+2 �`2 1BH2M#2`;@J�+G�M2 bT�+2bX
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.2}MBiBQM
� SQbiMBFQp iQr2` Q7 � T�i?@+QMM2+i2/ bT�+2 s Bb � iQr2` /B�;`�K

· · · sM+1 sM · · · s2 s1 .

rBi? � b2[m2M+2 Q7 +QKT�iB#H2 K�Tb 7M : s → sM b�iBb7vBM;
RX 7M BM/m+2b �M BbQKQ`T?BbK πF(s) → πF(sM) 7Q` �Mv F ≤ M
kX πF(sM) = 0 7Q` F > M
jX 2�+? sM → sM−1 Bb � }#`�iBQM rBi? }#2` E(πM(s), M)X

sM

!!

E(πM(s), M)""

s

7M
##⑤⑤⑤⑤⑤⑤⑤⑤⑤

7M−1

$$ sM−1

sM Bb +�HH2/ � M@i? SQbiMBFQp �TT`QtBK�iBQM Q7 sX
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LQi2 i?�i B7 s Bb (M − 1)@+QMM2+i2/- i?2M sM = E(πM(s), M)X AM
;2M2`�H- � SQbiMBFQp iQr2` +�M #2 pB2r2/ �b �M �TT`QtBK�iBQM Q7 �
bT�+2 #v irBbi2/ T`Q/m+i Q7 1BH2M#2`;@J�+G�M2 bT�+2bX

h?2Q`2K
SQbiMBFQp hQr2` 2tBbib 7Q` �Mv +QMM2+i2/ *q +QKTH2tX
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S`QQ7

G2i s #2 � +QMM2+i2/ *q +QKTH2tX G2i mb +QMbi`m+i uM r?B+? Bb
Q#i�BM2/ 7`QK s #v bm++2bbBp2Hv �ii�+?BM; +2HHb Q7 /BK2MbBQMb
M + 2, M + 3, · · · iQ FBHH ?QKQiQTv ;`QmTb πF(s) 7Q` F > MX h?2M r2
?�p2 � *q bm#+QKTH2t s ⊂ uM bm+? i?�i

{
πF(s) → πF(uM) Bb �M BbQKQ`T?BbK B7 F ≤ M
πF(uM) = 0 B7 F > M.
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aBM+2 πF(uM−1) = 0 7Q` F ≥ M- r2 +�M 2ti2M/ i?2 K�T s → uM−1

iQ � K�T uM → uM−1 K�FBM; i?2 7QHHQrBM; /B�;`�K +QKKmi�iBp2

s

%%⑦⑦
⑦⑦
⑦⑦
⑦⑦

&&❉
❉❉

❉❉
❉❉

❉

uM $$ uM−1

AM i?Bb r�v r2 }M/ � iQr2` /B�;`�K

s

· · · uM+1 uM · · · u2 u1

.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

LQr r2 +�M `2TH�+2 u2 → u1 #v � }#`�iBQM- �M/ i?2M bBKBH�`Hv
�/Dmbi u3,u4, · · · bm++2bbBp2Hv iQ 2M/ mT rBi?

s

· · · uM+1 uM · · · u2 u1

· · · sM+1 sM · · · s2 s1 = u1

.

bm+? i?�i 2�+? sM → sM−1 Bb � }#`�iBQM rBi? }#2` 6MX
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aBM+2 sM Bb ?QKQiQTv 2[mBp�H2Mi iQ uM- r2 ?�p2
{
πF(sM) = πF(s) B7 F ≤ M
πF(sM) = 0 B7 F > M.

h?2M i?2 HQM; 2t�+i b2[m2M+2 Q7 ?QKQiQTv ;`QmTb �bbQ+B�i2/ iQ
i?2 }#`�iBQM 6M → sM → sM−1 BKTHB2b

6M ≃ E(πM(s), M).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

q?Bi2?2�/ hQr2` Bb � b2[m2M+2 Q7 }#`�iBQMb i?�i ;2M2`�HBx2 i?2
mMBp2`b�H +Qp2`BM; Q7 � bT�+2X

h?2Q`2K Uq?Bi2?2�/ hQr2`V
G2i s #2 � +QMM2+i2/ *q +QKTH2tX h?2`2 Bb � b2[m2M+2 Q7 K�Tb

· · · sM+1 sM · · · s1 s0 = s

r?2`2 2�+? K�T sM → sM−1 Bb � }#`�iBQM rBi? }#2`
E(πM(s), M − 1)X 1�+? sM b�iBb}2b

{
πF(sM) → πF(s) Bb �M BbQKQ`T?BbK B7 F > M
πF(sM) = 0 B7 F ≤ M.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

G2i u1 ≃ E(π1(s), 1) #2 Q#i�BM2/ 7`QK s #v bm++2bbBp2Hv �ii�+?BM;
+2HHb iQ FBHH πF(s) 7Q` F > 1X G2i D1 : s ⊂ u1 �M/ s1 = 6D1 #2 i?2
?QKQiQTv }#2`X h?2M r2 ?�p2 � }#`�iBQM

Ωu1
$$ s1

!!
s

LQi2 i?�i Ωu1 ≃ E(π1(s), 0) �M/ π1(s1) = 0X aQ s1 +�M #2
pB2r2/ �b i?2 mMBp2`b�H +Qp2` Q7 s mT iQ ?QKQiQTv 2[mBp�H2M+2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

aBKBH�`Hv- �bbmK2 r2 ?�p2 +QMbi`m+i2/ i?2 q?Bi2?2�/ hQr2` mT iQ
sMX G2i uM ≃ E(πM(s), M) #2 Q#i�BM2/ 7`QK sM #v FBHHBM; ?QKQiQTv
;`QmTb πF(s) 7Q` F > MX G2i DM : sM ⊂ uMX h?2M r2 /2}M2

sM+1 = 6DM

iQ #2 i?2 ?QKQiQTv }#2`X
_2T2�iBM; i?Bb T`Q+2bb- r2 Q#i�BM i?2 q?Bi2?2�/ hQr2`X


